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Abstract 

First we consider a process )tg[o,T) given by a SDE dXj: = ab(t)X^ dt + 

a(t)dB t , t S [0,T), with a parameter a£l, where T £ (0, oo] and (-Bt)te[o,T) is a 
standard Wiener process. We study asymptotic behavior of the MLE a t of a based 
on the observation (-Xs ) s g[o,t] as t]T. We formulate sufficient conditions under which 
\/Ix(a)(t) (a[ X< ^ — a) converges to the distribution of c W s dW s j J^(W S ) 2 ds, where 

I X ( a )(t) denotes the Fisher information for a contained in the sample (^"^sefo,*]? 
(W s ) s6 ro ) ii is a standard Wiener process, and c = 1/V2 or c = — 1/\/2. We also weaken 

the sufficient conditions due to Luschgy [191 Section 4.2] under which I X ( a ) (t) (a[ X ^ — 
a) converges to the Cauchy distribution. Furthermore, we give sufficient conditions so 
that the MLE of a is asymptotically normal with some appropriate random normalizing 
factor. 

Next we study a SDE dY t {a) = ab(t)a(Y t {a) ) dt + a(t)dB t , t G [0,T), with a per- 
turbed drift satisfying o(x) = x + 0(1 + |x| 7 ) with some 7 E [0,1). We give again 
sufficient conditions under which y/y(a)(i) — a) converges to the distribution 

of cfiW.dW,/ fi(W.) 2 ds. 

We emphasize that our results are valid in both cases T £ (0, 00) and T = 00, and 
we develope a unified approach to handle these cases. 



1 Introduction 

Statistical estimation of parameters of diffusion processes has been studied for a long time. Fei- 
gin [8] gave a good historical overview of the very early investigations and provided a general 
asymptotic theory of maximum likelihood estimation (MLE) for continuous-time homogeneous 
diffusion processes without stationarity assumptions and without to resorting to the use of 
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stopping times. Feigin [8] also demonstrated the role of martingale limit theory in the theory of 
statistical inference for stochastic processes. Since then the problem of estimating the drift pa- 
rameter based on continuous observations of time homogeneous diffusions has been extensively 
studied, see, e.g., the books of Liptser and Shiryaev [T7], [18] and Kutoyants [15]. For time 
inhomogeneous diffusions, we can address the books of Basawa and Prakasa Rao [2] , Kutoyants 
[T3] and Bishwal [4], and the research paper of Mishra and Prakasa Rao [2T] . 

Let T G (0, oo] be fixed. Let us consider a time inhomogeneous diffusion process 
(Y t )t e [o,T) given by the stochastic differential equation (SDE) 



'dY t (a) = ab{t)a{Y t (a) ) dt + a(t) dB t , t G [0, T), 



Y {a) = 0, 



where b : [0, T) — > R, a : R — > R and a : [0, T) — > (0, oo) are known Borel-measurable 
functions, (B t ) te [ _T) is a standard Wiener process, and «6l is an unknown parameter. 

One can obtain sufficient conditions for asymptotic normality in case T = oo from the 
general Theorem 5.1 in Chapter 9 due to Basawa and Prakasa Rao [2], namely, if a, b, a 
and a are such that there exists a unique strong solution of the SDE (11.11) and 



I f* b(s) 2 a(Y s a) ) 2 
t . L cr(s) 



1.2) ± I ^ J _;2 ' ds^K a as t 



with some K a G (0, oo), where — ► denotes convergence in probability, then the MLE 
a[ Y ^ of a based on the observation (yi^) se [o,t] is weakly consistent, and \ft (a[ Yi ^ — a) 
converges in distribution to the normal distribution with mean and with variance K~ Y as 
t f oo. We note that this theorem of Basawa and Prakasa Rao [2] is valid for multidimensional 
diffusion processes and the drift and diffusion coefficients can have a more general form. It is 
not easy to check condition ( 11.21) . and hence, as a general task, it is desirable to describe the 
asymptotic behavior of the MLE of a (considering more general normalizing factor than \/t) 
by giving simpler sufficient conditions. 

In the first part of the present paper we investigate the SDE (11.11) with a(x) = x, x G R, 
namely, 



dx[ a) = ab(t)Xi a) dt + a(t) dB t , t G [0, T), 



1.3) 



which is a special case of Hull- White (or extended Vasicek) model, see, e.g., Bishwal [4, page 
3]. As one of our main results, we give sufficient conditions under which the MLE of a 
normalized by Fisher information converges to the distribution of c W s dW s j J^(W s ) 2 ds, 

where (W s ) se [o : i] is a standard Wiener process, and c = l/y/2 or c = —l/y/2, see 
Theorem 12.51 In the special case T = oo and a = 1 Luschgy [T9J Section 4.2] gave 
conditions for the MLE of a normalized by Fisher information to converge to a normal 
or to a Cauchy distribution. In case of Cauchy limit distribution, we weaken and generalize 
conditions of Luschgy, see Theorem 12.81 and Remark 12.91 Moreover, one can easily formulate 
conditions for asymptotic normality generalizing Luschgy's conditions, see Theorem 12.111 (We 
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do not know whether any other limit distribution can appear.) We also prove that, under the 
conditions of Theorem 12.81 or Theorem 12.111 the MLE of a is asymptotically normal with an 
appropriate random normalizing factor, see Corollaries I2.1UI and 12.121 Furthermore, we prove 
strong consistency of the MLE of a, see Theorem 13.41 

The above results are generalizations of the case of an Ornstein-Uhlenbeck process, when 
T = oo, 6=1, a(x) = x, and a = 1. In this special case if a < 0, then the MLE 

of a is asymptotically normal. This fact is known for a long time, see, e.g., Example 1.35 in 
Kutoyants [15J, (1.3) in Dietz and Kutoyants [Tj, page 189 in Basawa and Prakasa Rao [2] or 
Example 2.1 in Gushchin [9]. If a > 0, then the MLE of a is asymptotically Cauchy. This 
result is also known for a while, see, e.g., Basawa and Scott [3], Kutoyants [H], Theorem 5.1 
in Dietz and Kutoyants |7J or Example 2.1 in Gushchin [9]. If a = 0, then 

Wx(o)) c Jo W s dW s 

tai = , t e (0, oo), 

where = denotes equality in distribution, and hence we have not only a limit theorem but the 
appropriately normalized MLE of a has the same distribution for all t G (0, oo). This has 
also been known for a long time, see, e.g., (1.4) in Dietz and Kutoyants [7], page 189 in Basawa 
and Prakasa Rao [2] or Example 2.1 in Gushchin [9]. We also note that this distribution is 
the same as the limit distribution of the Dickey-Fuller statistics, see, e.g., the Ph.D. Thesis of 
Bobkoski [5], or (7.14) and Theorem 9.5.1 in Tanaka [23]. The strong consistency of the MLE 
of a has also been known for a long time, see, e.g., Theorem 17.4 in Liptser and Shiryaev [18J. 

In the second part of the present paper we investigate the SDE ( II. ip with a(x) = x + r(x), 
x G M. and a known Lipschitz function r satisfying r(x) = 0(1 + |x| 7 ) with some 7 G [0, 1), 
which can be considered as a perturbation of the SDE (11.31) . We give sufficient conditions 
under which the MLE of a normalized by Fisher information converges to the distribution of 
cjlW s dW s J j Q \W s ) 2 ds, where c = 1/V2 or c = -l/y/2, see Theorem EH Our proof 
is based on a generalization of Gronwall's inequality (see, Lemma 14.41) . Note that Dietz and 
Kutoyants [7] investigated the asymptotic properties of the MLE a\ of a in the special 
case T = 00, a > 0, b{t) = c, t ^ 0, with some c > 0, and a = 1. They showed 




where — > denotes convergence in distribution, 



poo poo 

(a) := / e~ acs dB s + ac e - acs r(Y s {a) ) ds, 
Jo Jo 



and £ is a standard normally distributed random variable independent of ri^ a \ provided that 
p^(a) = 0) = 0. Dietz and Kutoyants [3 Theorem 4.1] also showed that ct^ ^ is strongly 
consistent provided that 9(7]^ = 0) = 0. 

We emphasize that our results are valid in both cases T G (0, 00) and T = 00, and we 
develope a unified approach to handle these cases. 
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2 A special time inhomogeneous SDE 



Let T G (0, oo] be fixed. Let b : [0, T) — > R and a : [0, T) — ► R be continuous functions. 
Suppose that a(t) > for all £ G [0, T), and there exists to £ (0, T) such that &(£) 7^ 
for all £ G [£o,^)- For all a G R, consider the SDE (11. 3p . Note that the drift and diffusion 
coefficients of the SDE (II. 3p satisfy the local Lipschitz condition and the linear growth condition 
(see, e.g., Jacod and Shiryaev [TQl Theorem 2.32, Chapter III]). By Jacod and Shiryaev [TUJ 
Theorem 2.32, Chapter III], the SDE ( 11.31) has a unique strong solution 

(2.1) X ( t a) = a{s) exp ja J b{u) dw j dB Sl t G [0, T), 

defined on a filtered probability space (J r t )teio,T), P) constructed by the help of the 

standard Wiener process B, see, e.g., Karatzas and Shreve [TTJ page 285]. This filtered 
probability space satisfies the so called usual conditions, i.e., (Q, J 7 , P) is complete, the filtration 
(J r t)te[o,T) is right-continuous, JF contains all the P-null sets in T and T = Tt~, where 
Tt- '■= o" (lJte[o t) Ft) ■ Note that (X^) te ^ 0>T -j has continuous sample paths by the definition 
of strong solution, see, e.g., Jacod and Shiryaev [TQj, Definition 2.24, Chapter III]. For all 
a G R and £ G (0,T), let P X ( a ) t denote the distribution of the process (Xs ) se [o,t] on 
(C([0,£]),i3(C([0, £]))), where c([0,t]) and £(C([0, £])) denote the set of all continuous 
real valued functions defined on [0, £] and the Borel cr-field on C([0, £]), respectively. The 
measures PxM t an d Px(°) t are equivalent and 



dP.v..,, V W \ Jo ^M 2 * 2 k o(sf 

see Liptser and Shiryaev [T7J Theorem 7.20]. 

For all £ G (0, T), the maximum likelihood estimator a\ of the parameter a based 
on the observation (Xs°^) 8 e[o,t] is defined by 

:=axgma X ln(^i(x(«)|. ot .)). 
a&R V dP x(o),t v 'wy 

The following lemma guarantees the existence of a unique MLE of a. 
2.1 Lemma. For all a G R and £ G [£o,T) ; we have 

'* 6( S ) 2 (X S (Q) ) 2 



afs) 2 



ds > = 1. 



Proof. Let a G R be fixed. On the contrary, let us suppose that there exists some £1 G [£o, T) 
such that P(A) > 0, where 

, b(s) 2 (X { s a \uj)) 2 
A := {.ceil: I y 1 K K " ds = 
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Then for all u G A, we have b(s)Xs (uj) = for all s G [0,£i], since 6, a and X^ a \ 
are continuous on [0, T). Using the SDE (11.31) . we get 

XM(u) = Qf AB tt J (w), s G [O.ti], to e A, 

and hence 

6(s) ^ jT <r(u) dS u ^ (w) = 0, s G [0, ti], u; G A. 
By 6(t ) 7^ 0, we conclude 



to 

a(s)dB q = I > 0. 



o 

Here f* a{s)dB s is a normally distributed random variable with mean and with variance 
cr(s) 2 ds > 0, since a(s) > for all s G [0,T), which leads us to a contradiction. □ 

By Lemma 12.14 for ai l £ £ [to? ^")? there exists a unique maximum likelihood estimator 
ap" ^ of the parameter a based on the observation (Xs ) s e[o,t] given by 

rt b(s)xj a) , 

Jo dAs 

Jo CT ( S ) 2 as 



_ JO <r(s) 



t b(s)xj a) A v (a) 

— ' te[t ,T). 



To be more precise, by Lemma 12.11 the maximum likelihood estimator a t , t G [to,T), 
exists P-almost surely. Using the SDE (11.31) we obtain 

ft b(s)xi a) j p 

(2-2) a} - a = - , 2 ^ (a) . 2 — , * e t , T). 

rt b(s) 2 (X y s Q 2 i 
JO a(s) 2 a6 

For all tG(0, T), the Fisher information for a contained in the observation (Xi )se[o,*]> is 
defined by 

where the last equality follows by the SDE (11.31) and Karatzas and Shreve [Hi Proposition 
3.2.10]. Note also that, again by Karatzas and Shreve [TTJ Proposition 3.2.10], 

E(X s (a) ) 2 = J ff(«) 2 exp|2« J b{v)dv^ du, s G [0,T), 

and then, by the conditions on b and a, Efxi"- 1 ) 2 > 0, s G (0,T), and I X (a) '■ (0, T) — > [0, oo) 
is an increasing function with I X ( a )(t) > for all t G [to,^)- 

The aim of the present paragraph is to formulate a theorem (see Theorem 12 .4[) which we will 
use for studying asymptotic properties of the MLE of a. First we recall a limit theorem for 
continuous local martingales. Theorem 4.1 in van Zanten [26], which is stated for continuous 
local martingales with time interval [0, oo), can be applied to continuous local martingales 
with time interval [0,T), T G (0, oo), with appropriate modifications of the conditions, as 
follows. 
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2.2 Theorem. Let T E (0, oo] be fixed and let [Q, (J-t)te[o,T), P) be a filtered probability 
space satisfying the usual conditions. Let (M t ) te fo j T) be a continuous local martingale with 
respect to the filtration (J-t)te[o,T) su °h that P(M = 0) = 1. Suppose that there exists a 
function Q : [0,T) —>■ R\ {0} such that lim^T Q(t) = and 

Q(t) 2 (M) t -^r ] 2 as t\T, 

where r\ is a random variable defined on (f2,jF, P), and ((M)t)te[o,T) denotes the quadratic 
variation of M. Then for each random variable Z defined on (f2,jF, P) ; we have 

(Q(t)M t ,Z)-^( V £,Z) as t]T, 
where £ is a standard normally distributed random variable independent of (rj,Z). 

To derive a consequence of Theorem 12.21 we need the following lemma which is a multidimen- 
sional version of Lemma 3 due to Katai and Mogyorodi [T2] . 

2.3 Lemma. Let T e (0, oo] be fixed. Suppose that (Xt)te[o,T) an d (^t)te[o,T) are stochastic 
processes on a probability space (Q, J 7 , P) such that X t converges in distribution as t ] T 

and Y t — — > K as t ] T , where Y is a random variable defined on (Q, J 7 , P) . If g : R 2 — > R d 
zs a continuous function (where d <EN), then 

g(X t ,Y t ) - g(X t ,Y) as t | T. 



Proof. The assertion follows from Katai and Mogyorodi [T2J, Lemma 3] using that conver- 
gence in probability of a d-dimensional stochastic process is equivalent to the convergence in 
probability of all of its coordinates separately (see, e.g., van der Vaart [25], page 10]). □ 

As a consequence of Theorem 12.21 and Lemma 12.31 one can derive the following theorem. 

2.4 Theorem. Let a G R. Suppose that there exists a function Q : [0,T) — ► R \ {0} such 
that lim^T Q(t) =0 and 

(2.3) Q{tf f h{s) Y^ ? ^ ^ V 2 as t]T, 

Jo a \ s ) 

where rj is a random variable defined on (fl, J 7 , P). Then 

m f'M^ iB „ Q(tr r M£!>! „.) ^ w V) os ( t r, 

Jo °( s ) Jo v(s) 2 J 

where ^ is a standard normally distributed random variable independent of 77. Moreover, if 
P(tj > 0) = 1, then 

— -— (a — as t f T. 

Q (t) r? 
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Proof. With the notation M t := f* dB s , t £ [0,T), we have (M t ) te[0iT) is a 

continuous square integrable martingale with respect to the filtration (jF t ) t6 [ T ). By ( 12.31) and 
Theorem 12.21 we have 

Q(t) f dB s , A -±> (rt, r? 2 ) as t T T. 

Jo o\s) J 

By (12. 3j) and Lemma [2.31 we get 

as t | T. This implies the first part of the assertion using Slutsky's lemma (see, e.g., van der 
Vaart [25], Lemma 2.8]). Using (12. 2p and the continuous mapping theorem (see, e.g., van der 
Vaart [251 Theorem 2.3]), we also have the second part of the assertion. □ 

Next we turn to the investigation of the asymptotic properties of the MLE of a. 
2.5 Theorem. Suppose that a £ R such that 
(2.4) lim = oo, 



(2.5) 
Then 



lim expect [ b(w) dwX = C £ R \ {0}. 



/y rr/^W) \ £ sign(C) ^W a 6W a 

where sign denotes the signum function and (W s ) se [o,i] is a standard Wiener process. 
For the proof of Theorem 12.51 we need the following lemma. 

2.6 Lemma. Le£ « £ R fre suc/i £/iai condition (12.51) zs satisfied. Then (12.41) equivalent to 
any of the following conditions: 

(2.6) lim / \b(v)\dv = oo, 

(2.7) lim / a(s) 2 exp < —2a / 6(t>) dt> > ds = oo. 

*TT Jo I Jo J 

Proof. By ( 1231) . there exist ci > 0, c 2 > and ^ £ (0,T) such that 

(2.8) < ci|6(t)|exp | 2 "^ b(w) dw^j ^ a(t) 2 ^ c 2 \b(t)\ exp ^2a b(w)dw 
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for all t G [ti,T). First we show that (12.41) and ( 12.61) are equivalent. By ( 12. 8ft . we have for all 

* e [ti,T), 

6(s) 2 



<x(s) 2 



y cr(-u) 2 exp 1 2a ^ 6(u ) dt> | dw^ ds 



■; T exp I 2a / b(v) dv\ [ f cr(u) 2 exp i — 2a / &(?;) dul d« i< 



^ / . , exp < 2a / b(v)dv>[ / o(u) exp < —2a / b(v)dv>du)ds 
ti ^0) I Jo J \Jo [Jo J / 



+ 



b(s 



exp 1 2a J b{y)dv^ (^J^ c 2 |&(w)| dv^j ds 



< ai / |6(n)|du + a 2 ( / |6(ti)|dw 



where 

ai := — / ct(m) 2 exp i —2a / fe(i>) di> I dw, and a 2 := r- 2 -. 
ci Jo { Jo ) 2ci 

Moreover, again by ( 12. 8ft . for all t G [£i,T), we have 

Ix(«)(t)-Ixe*)(ti)>^rJ f \b(u)\du 

This implies the equivalence of ( 12.41) and (I2.6p . since if (a; n )„ e N is a monotone increasing 
sequence of real numbers and a\ > 0, a 2 > 0, then a\x n + a 2 :r 2 tends to oo if and only if 
x n — » oo. Indeed, since (x n ) n6 N is monotone increasing, limn^ooXn G M exists or x n | oo. 
In the first case a\x n + a 2 x 2 does not converge to oo. 

Now we show that ( 12. 61) and ( 12. 7ft are equivalent. Using ( 12. 8ft . we have 



/ (x(s) 2 exp | -2a / &(u) dt>j ds + c x / ds 



^ / cr(s) 2 exp < —2a / b(v) dv > ds 



^y a(s) 2 exp|-2ay &(«) du J ds + C& jf" |6(s)|ds, ie^.T), 

which implies the corresponding part of the assertion. □ 

Proof of Theorem 12.51 Note that condition ( 12.5ft yields that there exists to G (0, T) such 
that b(t) 7^ for all t G [£o>^)- By Lemma [2.6[ since H2.4ft is assumed, we have conditions 
(12.61) and (12.71) are also satisfied. By (12.71) . for each t G (0,T), there exists a function 
Tf : [0, oo) — > [0, T) such that 

. = / cr(s) 2 exp < — 2a / b(w) dw > ds = u, u 6 [0, oo). 
a/ I X M (t) Jo I Jo ) 

Clearly, r t is strictly increasing (hence invertible), and again by (12.71) . lim r t (u) = T for all 
t G (0,T), and 



1 f a(s) 2 exp j-2a f b(w)dw\ds, v G [0,T). 



Then \imr t (v) = oo for all t E (0, T), and 



- 1 ff(f) 2 exp { -2a / 6(w)dwl, «e(0,T). 
/ Wt) I 7o J 



By the theorem on differentiation of inverse function, r t is also continuously differentiable and 

Tt(u) 



(r t )'(u) = y/lx(*)(t)(7(Tt(u)) 2 exp 2a \ b(v) dv )■ , u E (0, oo). 
The process 



(2.9) 

= J (r(s)exp fo^dwjd^, te[0,T), 

is a continuous square-integrable martingale with respect to the filtration induced by B. With 
this notation we have for all t E (0, T), 



Ixwtt) Jo a ( v ) 2 

1 /" 6(v) 2 



lx-(") (*) Jo o-(u) 



^2 



exp 



2a / 6(w)dwi (Mi x(Q) )) 2 dt; 



i r* 6(ri( M )) 2 r 



exp <^ 4a / &(«;) du> \ (M^f^f du. 



' ^O^J, a{r t {u)Y ^\ Jo j V ^ 

Then for all t E (0, T), 

( , 10 ) i rm?p?*, = r ,w ^ ( „)).(s^.o)' do , 

Ix(o){t) Jo <*\vy Jo 



where 

c(s) :-- 



^exp|2a^ b(w)d w y sE[0,T), 



and 

Mf := - 1 M^, u E [0, oo). 

yw^y Ttiu) 

- -i v(a) f\ 

By ( 12. 5p . we have lim s -|-T c(s) = C, and for all t G (0, T), the process (M« ' ) ue [o,oo) is a 
continuous Gauss martingale with respect to the filtration (J r l) u ^o, where 

^:=a(B v ,0^v^n(u)), u > 0. 
Moreover, for all t G (0,T), the process (Mr )«e[o,oo) has quadratic variation 

f 1 1 /•Tt(u) r fS } 

{M^ a ' t] ) u = - / a(sf exp <^ -2a / b(w) dw } ds = u, u E [0, oo). 

y/Ix<.<*)(t) Jo I Jo J 



Then Theorem 3.3.16 in Karatzas and Shreve [TT] yields that (M„ x( ^) ue [ 0)OO ) is a standard 
Wiener process with respect to the filtration (J r l) u ^o- In a similar way we get 



1 



b(v)X^ 
\/I x w(t) Jo 

1 



dB v 
1 b(v) 



exp 



(2.11) 



y/l X ( a) (t) Jo <?{v) 

1 p Ht) b{r t {u)) 



2a / 6Hd«;lMf (Q) )dMf (Q) ) 



exp < 2a 



Tt(u) 



c(n(»))Mf w .<>dJie te(0,T), 



where the last but one equality follows by the construction of a stochastic integral with respect 
to M( x(q °\ see, e.g., Jacod and Shiryaev [T0J Proposition 4.44, Chapter I]. By assumption 
( 12.41) and the fact that b(t) ^ for all t e [t ,T), we can use L'Hospital's rule and we obtain 



(2.12) 



lim (t, 1 (t)) = lim 



lim 



Jo a ( s ) 2 ex P { — 2a Jq b(w) dw} ds 

I X (c) (t) 



2o{tf exp < 


[-2af*b(w)dw 


' Jo cr ( s ) 2 ex P { — 2a J Q S b(w) dw} ds 


<r(t) a Jo a ( s ) 2 ex P \ 


2a /* b(w) dw 


■ds 



exp{-4 a ^6Wd»} = lim^ ? = A 



tTT 0(t) 2 



where the last equality follows by (12.51) . Hence, using that T^(t) e [0, oo), we also have 
hm tTT rr 1 (t) = ^. 

Now we prove that 



/ 



(2.13) 



b{s)X. 



(a) 



y/I X (*){t) Jo °( s ) 

V2/\C\ 



dB x 



1 



b(s) 2 [X. 



C 



Ix(«)(f) Jo v(s) 2 

'V2/|C| 



ds 



W s dW s , C l 



(W s ) 2 ds 



as 1 1 T. 



Using (12101) . (12111 and that (M£ 
we conclude that 



Jue[o,oo) 



is a standard Wiener process for all i e (0, T), 



( 



V Ix(") (t) Jo 



b(s) X, 



cr(s 



(a) 



dB x 



I X M (t) Jo 



b(s) 2 



a(s) 2 



ds 
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has the same distribution as 



c(n(u))W u dW u , / c(T t (u)Y(W u ) 2 du 
o Jo 

for all t G (0, T) with some fixed standard Wiener process (W u ) u ^q. Hence to prove (12.1 3D . 
using Slutsky's lemma, it is enough to check that 

c(r t (u))W u dW u , / c(r t (u)) 2 (W u ) 2 du 



Jo 

( rV2/\c\ f V2/\c\ \ 

-ley W u dW u ,C 2 J (W u ) 2 du\-^0 as t]T. 

For this it is enough to prove that the following convergences hold: 
rV2/\c\ 

(2.14) / [c(r t (u)) - C] W u dW u as t T ?\ 
./o 

(2.15) / C (r t («))^diy u - / c(r t («)) WUW^-^O as t | T, 

JO JO 

(2.16) Phim jf [c(r 4 H) 2 -C 2 ](H/ u ) 2 dn = 0j =1, 

(2.17) M^l/ c(r t {u)) 2 (W u ) 2 du- J c(r t ( M )) 2 (W/ u ) 2 dw J =0j =1. 

Using that lim r t (t>) = T for all t G (0, T) and limrt(u) = T for all v G (0, oo), first we 
prove (12.141) . An easy calculation shows that for all t G (0, T), 

/ i-V5/[C| \ 2 /->/2/[C| 

Ely [c(r t (u))-C}W u dW u \ =Ej [c{r t {u))-C]\w u ) 2 du 

fV2/\C\ /2 f V2/\C\ 

= / [c(r t («)) - C]\du ^ y~ / [c(r*(«)) - cfdu. 
jo 1^ 1 Jo 

The only non-trivial step is to verify that the first equality holds. By Karatzas and Shreve [TTJ 
Proposition 3.2.10], for this equality it is enough to check that 



rV2/\c\ rV2/\C\ 
/ [c{r t {u))-C] 2 {W u ) 2 du= / [c(r t (u))-C] 2 udu<oo, t e (0,T), 

Jo Jo 



E 



which holds, since the integrand u i— > [c(r t (u)) — G\ u is continuous on [0,V2/\C\] and hence 
bounded. Finally, we prove that 

(2.18) lim/ [c(r t (u))-C] 2 du = 0. 

* |J Jo 
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Since lim s fT c(s) = CeR \ {0}, for all 5 > there exists e > such that \c(s) — C\ < 5 
for all s G (T — e,T). For all s > and for all m G (0, oo) there exists ti G (0, T) such 
that r t (iio) G (T — e,T) for all t G (ii,T), and hence r t (u) G (T — e, T) for all t G (ti,T) 
and w ^ Mo, since r< is increasing. Consequently, for all 5 > and all u G (0, oo) there 
exists ti G (0, T) such that |c(rt(«)) — C| < 5 for all t G and all u ^ u . Thus for 

all 5 > and all u G (0, \[2j \C\), there exists t\ G (0, T) such that 

*y/2/\C\ 



[c(r t H)-C] 2 d M ^^5 2 , tG(t!,T). 



Then for all 5 > and all m G (0, \p2j \C\), there exists t x G (0, T) such that 



V2/\C\ 



[c(r t (u))-C] 2 du 



[c(r t (u))-C] 2 du 



V2/\C\ 



[c(r t (u))-C] 2 du 



< sup [c(r t («)) - C] 2 m + ^ <5 2 , 

(u,t)e[0,u ]x[ti,T) M 



te{tuT). 



Since lim s -|r c(s) = Cg1\ {0} implies that there exists K\ G (0, oo) such that 

sup [c(r t (u)) - C] 2 ^ sup (c(s) - C) 2 ^ 

(«,t)e[0,« ]x[ti,T) " s6[0,T) 

we have for all 5 > and all tt G (0, a/2/ |C|), there exists £i G (0, T) such that 

s/2/\C\ /o 

[c(r t («)) - cfdu < iT lMo + ^-<5 2 , t G (ti,T), 

1^1 

which yields (12 . 1 8[) and then we obtain (I2.14p . 

Now we check (12.151) . Similarly as above, we have for all t G (0,T), 



c{r t {u))W u dW u 
V2 



V2/\C\ 



< K 



\C\ 



V2 

\c\ 



c{r t (u))w u dw u 



c{r t (u)) 2 u du 



where the last step follows from K2 := sup^o^ c ( s ) 2 < °°, since lim s ^c (s) = C GR\{0}. 
By (EHEl, we have lim nr rf 1 ^) = V2/\C\ and hence 



lim 



wr T ' Ht) 



0. 



which implies (I2.15p . 

Now we check (12.161) . Using that, by Cauchy-Schwartz's inequality, 

•y/2/\C\ 



/ [c{r t {u)) 2 -C 2 ]{W u ) 2 du 



V2/\C\ 



[c(r t (u)) 2 -C 2 ] 2 du 



V2/\C\ 



{W u fdu 



te(o,T), 
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we have it is enough to check that 

-y/2/\C\ 



since 



lim/ [c(r t (u)) 2 -C 2 ] 2 du = 0, 

/ rV2/\C\ \ 

ply (wy 4 d M <ooj =1. 

Using that lim^T c(s) = C G R \ {0} and that c is continuous, there exists -K3 G (0, 00) 
such that sup sg [ 0jT ) \c(s)\ ^ K 3 . Hence 

rV2/\C\ rV2/\C\ 

/ [c(r t (u)) 2 -C 2 ] 2 du= / [c(r 4 (u)) + cf [c(r 4 ( M ))-Cfd M 

Jo Jo 



fV2/\C\ 

^ (K 3 + \C\) 2 / [c(r t («)) - cfdu - as t T T, 
Jo 



where the last step follows by ( 12. 18ft . 

Using the very same arguments as above, one can check ( 12.171) . 
By ( 12.131) and the continuous mapping theorem, we have 



ft b(s)xj a) j p _ 

T^(i)Jo^(ip ds ° Jo ^ ds 



Using that for all A > 0, the process (A WAt) t>0 is a standard Wiener process, by the 
substitution s = ttu, u G R, we get the random variable 

C jf' ,CI W. AW, 1 /.' Wg. dWfr, i g £ ^/g^dyfw^ 
has the same distribution as 

sign(C) fZW.dW, 



V2 f \w s yd s - 



□ 



For historical fidelity, we remark that the corresponding part of Example 8.1 in Luschgy 
[20J is a special case of our Theorem 12.51 and in our proof we used some ideas of Luschgy's 
example. Note also that, by Lemma 12.61 condition fl2.4jl in Theorem 12.51 can be replaced by 
(1231) or (T22D. 

In the next remark we give an example for functions b and a for which conditions (12.41) 
and (12.51) are satisfied. 

2.7 Remark. First let a^O. Let a : [0, T) — > (0, 00) be some continuously differentiable 
function such that J Q a(s) 2 ds := lim u | T J™ a(s) 2 ds < 00, and let 

b(t) := --L , t G [0,T). 

2a J^^^ 
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Then for all < s < t < T, 



t 

\b(u) \ du = : — r In 



1 /jf>) 2 d, 



i_t_ 

2|a| ~ \£a{v) 2 dv / 
which implies that lim^y f Q \b(u) \ du = oo. Moreover, 

M^exp^a [ b(u)du) = ~ T \ GR\{0}, 

which implies ( 12.51) . By Lemma [221 since lim^y f Q \b(u)\du = oo, we have (12.41) is also 
satisfied. 

Let us suppose now that a = 0. Let cr : [0,T) — > (0, oo) be some continuously differen- 

tiable function such that a(s) 2 ds = oo, and b(t) := er(t) 2 , t G [0,T). Then we have 
lim^T / * du = oo, and, with a = 0, 



exp | 2 "^ 6(u)du| = 1 G R\ {0}, te[0,T), 



which implies ( 12.51) . By Lemma [23| since lim 4 | T f*\b(u)\du = oo, we have (12.41) is also 
satisfied. 

Next we deal with the case of Cauchy limit distribution. 
2.8 Theorem. Suppose that a G ffi. such that 

(2.19) \im I x(a) (t) = oo, 

(2.20) Umjf a(s) 2 exp |-2«^ 6(u)di;| ds < oo. 
Then 

V-Tx-wW ) - «) — * C os * T 

where ( is a random variable with standard Cauchy distribution admitting a density function 
,,]_ 2K , x G R. 

7r(l+ar ) 7 

/ y (a) \ 

Proof. The process (M t )te[o,T) introduced in (12.91) is a continuous square-integrable 
martingale with respect to the filtration induced by B and with quadratic variation 

(M {x(a)) ) t = J\{s) 2 exp ^-2a J\{u) du^ ds, te [0,T). 

By (I2~20|) . we have lim tTT (M^ (a) )) t < oo. Hence Proposition 1.26 in Chapter IV and Propo- 
sition 1.8 in Chapter V in Revuz and Yor [22] imply that the limit M T := lim^yM/ 
exists almost surely. Since M t is normally distributed with mean and with variance 
(M^ x(a ^) t for all tG [0,T), the random variable ' is also normally distributed with 

mean and with variance linu,fr(M( x<a) )) 4 . Indeed, normally distributed random variables 
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can converge in distribution only to a normally distributed random variable, by continuity 
theorem, see, e.g., page 304 in Shiryaev [23]. Hence for the random variable Mj, we obtain 

P (limMf M) = M? W >) = 1 and M) 4 Af (o, lim(M^ (Q) ))^ . 

By (I2.19P and the fact that b(t) ^ for all t G [to;^)> we can use L'Hospital's rule and we 
obtain 

lim J ° ° {8) \ = lim^ ^ =lim 1 * j 



Jo CT ( S ) 2 



lim ; ^ = lim 



(Mf^^expj 




J *a(M) 2 exp< 


2a£&(v) 


■ dw 



(Mf (Q)) ) 2 



(M 



(* (a) ))2 

' ' -■ £ 2 P-almost surely, 



lim iTT (M(^ (Q) )) t 

where f = W(0, 1). Using Theorem EU with Q(t) := l/y/I x(a) {t), t G (0,T), we have 

JI^){a\ xia)) -a) 



c V_ 



This yields the assertion, since one can easily check that ||j has standard Cauchy distribution. 
□ 

2.9 Remark. We note that if condition (I2.20p is satisfied then lim^y f Q \b(s) \ ds = oo yields 
condition fl2TT9l) . Indeed, for all t G (0,T), 



J X(Q ) (£) 



b(sf 
a(s) 2 



exp 1 2a J b(u) dw| ^ a (w) 2 exp |— 2a ^ 5(t>) dt> | dwds, 



and, by (12. 20ft . for all e > there exists a £ £ G [0,T) such that for all t G [t e ,T), 

»t r rs ~\ rT 



j cr(s) 2 exp |— 2a J 6(t>) dw | ds — J a(s) 2 exp | — 2a ^ fe(t>)dt>|ds 



< e. 



Hence for all 



0<e<J a(s) 2 exp | -2a ^ &(i;)dujds 
and for all t G [t £ ,T), we have 



+ / ^^exp|2a y b(u)dujds a(s) 2 exp j-2a J b(v) dv J> ds - e 
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This yields that it is enough to check that 

(2.21) lim I ^-exp(2a / b(u) du\ ds = oo. 

By Cauchy-Schwartz's inequality, we get for all t G [0,T), 

* \ 2 ( t \K s )\ r r i r r i x 2 

|6(s)|ds] =( / — ^-exp<a / b(u) du > a(s) exp < — a / b(u) du > ds 
/ Vo °\ s ) V Jo J I Jo J 



a{s) 

^ (J o ^y eXp { 2a J 6 ( M ) dM } ds ) (J a(s) 2 exp|-2a^ 6(w)dwjds^. 
Using (|ZZD) and that lim tTT jj \b(s)\ ds = oo, we have (12.211) . 

We note that in case of T = oo and a = 1 , Theorem 12.81 with condition (12.191) replaced by 
lim^oo f Q \b(s) \ ds = oo was proved by Luschgy [HI Section 4.2], and hence in Theorem 12.81 we 
weaken and generalize Luschgy's above mentioned result. Luschgy's original proof is based on 
his general theorem (see Theorem 1 in [19]), and we note that the conditions of this general 
theorem are not easy to verify. Our proof can be considered as a direct one based on limit 
theorems for local martingales (see Theorem 12 .4p . 



The next corollary states that, under the conditions of Theorem 12.81 the MLE of a is 
asymptotically normal with an appropriate random normalizing factor. 

2.10 Corollary. Suppose that a G R such that conditions ( 12.191) and ( 12.201) are satisfied. 
Then 

Proof. By 1)22)) . we have for all t G [t Q ,T), 



By the proof of Theorem 12.81 we have 



tTT / x(Q) (t) 7 a(u) 2 



where £ = W(0, 1). Hence Theorem 12.41 yields that 

-t b(s) Xj a) - - ^ w,^nyW\2 



JO o-(s) ai3s JO a(sY a b 



17, £ 2 ) as £ 1 T, 



where rj is a standard normally distributed random variable independent of |£|. Then, by 
the continuous mapping theorem, we have 

i ft b(u)xj a) , p 



\ J x (a)(t) J °"(«) / 



77 as i 1 T, 
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as stated. □ 

Finally we formulate conditions for asymptotic normality. In the case of T = oo and 
a = 1, the corresponding assertion has already been formulated and proved in Luschgy [T9J 
Section 4.2]. The proof of our more general theorem is the same as in Luschgy [T9], Section 4.2]. 

2.11 Theorem. Suppose that a£K such that 

(2.22) lim/ x(Q) (t) = oo, 

(2.23) lim ; 1 =-^S- / ct(s) 2 expect / b(v) dvX ds = 0. 
Then 

y/l x w(t) (a[ x ia)) - a) Af(0, 1) as t | T. 

The next corollary states that, under the conditions of Theorem I2.11[ the MLE of a is 
also asymptotically normal with an appropriate random normalizing factor. 

2.12 Corollary. Suppose that a G R such that conditions (12.221) and (12.231) are satisfied. 
Then 

' r* %) 2 (^) 2 d \ 2 _ a) _^ ^ (0 1} as 1 1 T . 

Proof. For all t G [to,? 1 ), we have 



i 



(2.24) 

= V^iwWK -a) 7- / -— 2 1 " ' 

By Theorem 12.111 we have 

y/l x{a) (t)(al xla)) - a) JV(0, 1) as t | T. 
Moreover, one can show (see, Luschgy (T^J Section 4.2]) 



1 /■* 6(«) 2 (^ a) ) 2 



IxM(t) Jo a ( u ) 



2 



p 

du — > 1 as £ | ^- 



p 



Note that if £ n , n G N, are nonnegative random variables such that £ n — ► 1 as n — > oo, 

then £ n — — > 1 as n — > oo and hence \/£n — 1 as ^ — * oo. Since the limit 1 is non-random, 
p 

we have v£ n — > 1 as n — > oo. Hence 



i r* b( u ) 2 (xi: 



1/2 



P 



Ix(°>)(t) Jo a ( u ) 2 



du — > 1 as t t T. 



By (I2.24p and Slutsky's lemma (see, e.g., Lemma 2.8, (ii) in van der Vaart [25]), we have the 
assertion. □ 
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2.13 Remark. We note that the sets of those parameters of a for which ( 12.41) and ( 12.51) . 
for which (12.191) and (12.201) . and for which (I2.22p and (I2.23P hold are pairwise disjoint. This is 
an immediate consequence of the fact that under the conditions of Theorems 12. 5\ 12.81 and 12.111 
the asymptotic distributions of the MLE of a are different from each other. That is, if we 
can apply one of the Theorems 12.51 12.81 and 12.111 then it is sure that the other two can not be 
applied. 

We also remark that in general the set of those parameters of a for which one of the Theorems 
12. 5[ 12.81 and 12.111 can be applied is not necessarily the whole R. Due to Luschgy [T9l Section 
4.2], if T = oo, b(t) := — e~', t ^ 0, and a = 1, then lim t ^ T I X ( a ) (t) = oo is not satisfied 
and hence none of the Theorems 12.51 12.81 and 12.111 can be applied. 

3 Consistency 

First we recall a strong law of large numbers which can be applied to stochastic integrals. 
The following theorem is a modification of Theorem 3.4.6 in Karatzas and Shreve [11] (due to 
Dambis, Dubins and Schwartz), see also Theorem 1.6 in Chapter V in Revuz and Yor [22] . In 
fact, our next Theorem 13. II is Exercise 1.18 in Chapter V in Revuz and Yor [22J. 

3.1 Theorem. Let T G (0, oo] be fixed and let JF, (^) te [ T ), P) be a filtered probability 
space satisfying the usual conditions. Let (M t )t^[o,T) be a continuous local martingale with 
respect to the filtration (J r t )t£[o,T) such that P(M = 0) = 1 and P(\im^ T (M) t = oo) = 1. 
For each s G [0, oo), define the stopping time 



is a standard Wiener process. In particular, the filtration (Jvjs^o satisfies the usual conditions 
and 



Now we formulate a strong law of large numbers for continuous local martingales. Compare 
with Lepingle [TB"l Theoreme 1] or with 3°) in Exercise 1.16 in Chapter V in Revuz and Yor 
[22] . We note that the above mentioned citations are about continuous local martingales with 
time interval [0, oo), but they are also valid for continuous local martingales with time interval 
[0,T), T G (0, oo), with appropriate modifications in the conditions, see as follows. 

3.2 Theorem. Let T G (0, oo] be fixed and let (fi, J 7 , (J r t)te[o,T), P) be a filtered probability 
space satisfying the usual conditions. Let (M t ) te r 0) T) be a continuous local martingale with 
respect to the filtration (J 7 t)telo,T) su °h that P(M = 0) = 1 and P(\im^ T (M) t = oo) = 1. 
Let f : [l,oo) — > (0, oo) be an increasing function such that 



r s := inf{t G [0, T) : (M) t > s}. 



Then the time- changed process 



(B 3 :=M T „ J>J 



P(M t = B {M)t for all te [0,T)) = 1. 
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Then 

P Mini M \ - = J = 1. 

V*TT f((M) t ) J 

Theorem 13.11 has the following consequence on stochastic integrals. 

3.3 Theorem. Let T G (0, oo] be fixed and let [Q, T, (J r t) t e[o,T), P) be a filtered probability 
space satisfying the usual conditions. Let (M t ) te r 0) T) be a continuous local martingale with 
respect to the filtration {F t )t&[o,T) such that P(M = 0) = 1. Let (£t)te[o,T) be a progressively 
measurable process such that 



J (e„) 2 d(M) u <oo^ =1, te[0,T), 



and 



t 

2 



(3.1) PMim y (^d(M) u = oo 

Let 

r s ■= inf jt G [0,T) : jf (a) 2 d(M) u > s j , s > 0. 
Then the process (t)s,J~ Ts ) s ^o, defined by 



v. := / C«dM u , s > 0, 



o 



zs a standard Wiener process, and 



(3.2) PMim /o^ dM » =0 

In case of M t = B t , t G [0, T), where (B t ) te < 0j x) is a standard Wiener process, the progressive 
measurability of (£t)te[o,T) can be relaxed to measurability and adaptedness to the filtration 
t)te[o,T)- 

For historical fidelity, we note that if T = oo and M is a standard Wiener process, then 
Theorem 13.31 was already formulated and proved in Lemma 17.4 in Liptser and Shiryaev [18J. 
Our proof differs from the original proof of Liptser and Shiryaev. 

Proof of Theorem 13.31 By Proposition 3.2.24 in Karatzas and Shreve [TTJ, the process 
Jq £ u dM u , t G [0, T), is a continuous, local martingale with respect to the filtration (J r t)te[o,T)- 
Since f*£ u dM u , t G [0, T), is continuous almost surely, it is square integrable. Moreover, by 
page 147 in Karatzas and Shreve [11], the quadratic variation process of f Q £ u dM u , t G [0,T), 
is 

/ (U 2 d(M) u , te[0,T). 
Jo 

Hence Theorem I3TT1 implies that (^ s ,^> s )s>o is a standard Wiener process. Using condition 
(IO) , Theorem EJ implies (HL2D • 

In case of M t = B t , t G [0, T), Remark 3.2.11 in Karatzas and Shreve [11] gives us that the 
progressively measurability of (£t)te[o,T) can be relaxed to measurability and adaptedness to 
the filtration (T t )t&\o,T)- 1=1 



19 



3.4 Theorem. Suppose that aGK such that 

(3.3) pLfMy^^l. 

Then the maximum likelihood estimator a t of a is strongly consistent, i.e., 

P(limaJ X<Q)) = a) = 1. 

Proof. Using (12.21) and (13. 3p . Theorem 13.31 yields the assertion. □ 

Note that in the case of an Ornstein-Uhlenbeck process, condition (13.31) is satisfied for 
all a G R (see, e.g., Liptser and Shiryaev [IB, (17.57)]), and hence in this case the strong 
consistency of the MLE of a is an immediate consequence of Theorem 13.41 

We also remark that if the conditions of Theorem 12.51 or Theorem 12.81 or Theorem 12.111 are 
satisfied then weak consistency of the MLE of a holds. 

4 Perturbation of the drift 

Let T G (0, oo] be fixed. Let b : [0, T) — > R and cr : [0, T) — > R be continuous functions. 
Suppose that a(t) > for all t G [0,T), and there exists t G (0,T) such that b(t) ^ for 
all t G [to, T). Let a : R — ► R be a function such that 

a(x) = x + r(x), x G R, 

where 

\r(x)\ ^ L(l + |a;| 7 ), i£K, 
with some L ^ and 7 G [0, 1), and r satisfies the global Lipschitz condition 

(4.1) \r(x) —r(y)\ < M\x - y\, x,y eR, 

with some M ^ 0. Note that continuity of r implies continuity of a. For all a G R, let us 
consider the SDE (11.11) . Note that the drift and diffusion coefficients of the SDE (11.11) satisfy 
the local Lipschitz condition and the linear growth condition (see, e.g., Jacod and Shiryaev [TUt 
Theorem 2.32, Chapter III]). Again by Jacod and Shiryaev [HJl Theorem 2.32, Chapter III], 
the SDE (11.11) has a unique strong solution. Note also that (F/ a ^) 4g [ 0j T) has continuous sample 
paths by the definition of strong solution, see, e.g., Jacod and Shiryaev [TUl Definition 2.24, 
Chapter III]. For all a G R and t G (0,T), let Pyw t denote the distribution of the process 
6 [ 0)i ] on (C([Q,i\),B(C([Q,t]))) . The measures P Y i a ),t an d Py(°),t are equivalent and 




see Liptser and Shiryaev [T71 Theorem 7.20]. 
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The MLE ' of a based on the observation (Ys a ^) se [o,t] is defined by 

^ w » : =«g S «h(i^i(yW| M )). 

If wen such that /„' ^a(Yi°' (ui)) 2 ds = and (/„' ^ a(Yj a >) dY'j"') (w) # 0, then 



which yields that (oj) does not exist. If condition 



(4.2) 



p ( i im f M fl (yW)' ds > ol = 1 



holds, then the MLE S?| y( ^ of a based on the observation (Xa°^)se[o,t] exists asymptotically 
as t | T with probability one. (Note that in case of r = condition (13. 3p yields (14.21) .) Hence 

r t b( S )a(yi a) ) iy(a) 
v(y(«)) _ Jo cr(s) 2 urs 



a+ — r~; 

Jo — — s 

holds asymptotically as t | T with probability one. To be more precise, if condition (14.21) 
holds, there exists an event A G JF such that P(A) = 1 and for all w G j4 there exists a 
t(w) G [0, T) with the property that a[ Y< \uj) exists for all t G \b{uS),T) and 

t b{s)a{Y s {a) ) , v (a) 



W M = 



dKT fa; 



JO ct(s) 2 

In all what follows, by the expression 'exists/holds asymptotically as t | T with probability 
one' we mean the above property. Using the SDE (11.11) . we have for all a£K, 

ft b(s)a(Y 3 (a) ) j r> 
^(Y( Q )) Jo cr(s) a -" s 

a; — a — 



f t h( 8 )gq(y a (a) )a i 

JO ct( S )2 a6 

holds asymptotically as t f T with probability one. 

The following lemma gives a sufficient condition under which (14 . 2 [) is satisfied for all aeK. 

4.1 Lemma. // lim^T Jq o'(s) 2 ds = oo, then ( 14.21) is satisfied for all a£l. 

Proof. We follow the ideas of the proof of Lemma 3.2 in Dietz and Kutoyants [7]. Let a G R 
be fixed. On the contrary, let us suppose that P(Ai) > 0, where 



A x := < uj G VL : lim 



^a(F^M) 2 d S = 



Then for all t G [0, T) and uj G Ai, we have 

"^a(y(«)M) 2 d s = o. 
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Since b, a, a are continuous and Y} a '(u}) is also continuous on [0, T) for all 10 G f2, we 
have 

b(t)a(Y} a) (uj)) = 0, Vte[0,T), Vwg4 
This yields that Ai C A 2 , where 

A 2 :={uett: b{t)a(Y t (a \uj)) = 0, V t G [0,T)} . 

Let Z := {x G 1 : a(x) = 0}. We show that Z is compact. First we check that 
\im x _ f ± 00 a(x) = ±oo. Since 



r(x) 



x 



^ L [ -, — - + Ixl 7 1 ] — > as x — > ±oo, 
\x\ 



we have 



lim a(x) = lim x [ 1 + 



x— >±oo 



x— >±oo 



r(x) 



±oo. 



Hence, using also that a is continuous, we have Z is compact. Using that b(t) ^ for all 
t G [to, T"), we have 



a(Y t (a) (cu)) =0, VwGA 2 , VtG [t ,T), 



i.e., Y t (a \uj)eZ for all wG4 and for all tG[t ,T). By the SDE ([H), we have 



o-(s)dS s ) (w), VwgA 2 , VtG[0,T), 



and hence 



a(s) dB s ) (u. 



= 0, VwG4 VtG[t ,T), 
i.e., (^f* a(s) dB s ^j (to) G Z for all to E A 2 and for all t G [to,^)- Then 

< P(A l ) ^ P(A 2 ) < P ^jw G : Qf ff(s)d5 s j(w)GZ, VtG[t ,T)|^. 



This leads us to a contradiction. Indeed, the Gauss process ^ J a(s) dB s J has expectation 

function and variance function J*a(s) 2 ds, t£ [0,T). Using that Z is compact, there 
exists K > such that |x| < if for all ig2. Hence 



(4.3) 



0<P wGfl: 



<if, Vte[t ,T) 



^ P 



(jfsldR 



, VtG[t ,T). 



Using that, by our assumption, lim^y J Q * a(s) 2 ds = oo and that 

jf <t(s) dfi s = AT (o, jf (j(s) 2 ds^) , £G[0,T), 
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we get 



Hence 



lim P 

t~\T 



Jo o-(^) 2 ds 



te(o,T). 



cr(s)dB< 



< K 



limP 



J t a(s)dB s 



< 



K 



Io a ( s ) 2ds yJo t(r ( s ) 2 ds 



p(iei<o) = o, 



where £ is a standard normally distributed random variable. Here the last but one equality 
follows by the fact that if F n , nGN, are distribution functions such that lim n ^ 00 F n (x) = F(x) 
for all i6l, where F is a continuous distribution function, then for all sequences (x n ) ne ^ 
for which lim 7V _ K j x n — x G R, we have lim^oo F n (x n ) = By (14. 3p . we arrive at a 

contradiction. □ 

In the next remark we give an example for a, b, r and a for which condition (14. 2 p does 
not hold, and also give an example for which it holds. 

4.2 Remark. We will give an example for a, b, r and a such that for all t G [0, T), 

rt b(s) 2 



In this case, for all t G (0, T), the MLE a t of a exists only with probability less than 
one. We note that in our example condition (14.21) will not hold, and hence the MLE of a will 
exist asymptotically as t j T only with probability less than one. We also give an example 
for a, b, r and a such that for all t G (0, T), 

ft 



p (/S a(y;, " >)2c H^ a 



.(y(«)) 



exists with probability one, and condition 



In this case, for all t G (0,T), the MLE 
( IO> holds trivially. 

First we consider the case T G (0, oo). Let 6(t) := 1, t G [0,T), cr(t) := -^^j, ^ £ [0,7"), 
and r(t) := 0, t G [0,T). Since 



lim 



cr(s) ds = lim 



T 



ds = oo, 



by Lemma 14.11 we get condition ( 14. 2 p is satisfied for all a G R. 

In what follows we give an example for a, b, r and a such that for all t G [0, T), 



p (/^ a(yi " >)2d ^ ) >0 - 



In fact, we just reformulate Remark 3.1 in Dietz and Kutoyants [7j which is originally stated 
for the time interval [0, oo). Let b(t) := 1, t G [0, T), er(t) := 1, i G [0,T), and 



i 



r x 



l+Or+l) 2 
—X 

_ 1 
l+(:r-l) 2 
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if x < -1, 
if -1 < x < 1, 
if 1 < x. 



Note that in this case lim^T J * &(s) 2 ds = T < oo, and hence one can not use Lemma [4. II for 
proving (14.21) . It will turn out that (14.21) is not satisfied for a = 1. Clearly, r is continuous, 
piecewise continuously different iable and has everywhere left and right derivatives. Moreover, 
\r(x)\ ^ 1, x G R, and all of its (one-sided) derivatives are bounded by 1. Therefore, 
\r(x)\ ^ L(l + |x| 7 ), x G R, and \r(x) — r{y)\ ^ M\x — y\, x,y G R, with L : = |, 7 := 
and M := 1. (The fact that one can choose M to be 1 follows from Lagrange's theorem. 
Note that r is not differentiable everywhere, but we can apply Lagrange's theorem on different 
subintervals of R separately, where r is differentiable.) Let a := 1. Then, by the SDE 

m, 

(4.4) Y t W = f a(Y s ^)ds + B tl te[0,T). 

Jo 

Let us define the random variable r by 



'M{te[0,T):\Y t W (u)\>l} if 3 tE[0,T):\Y t {1 \u)\^l, 
T if \Y t {1 \cu)\ < 1, Vt G [0,T). 



t(u>) :- 

Since Yq 1 ' = and (Y t [1> (u))te[o,T) is continuous for all ui G Q, we have P(r > 0) = 1, and 



if t(oj) < T, then |^^(^)| = 1- By the definition of r, we have \Y t {1 \u)\ < 1 for all 
^ t < t(uj). Hence, using that a(x) = x + r(x) = 0, \x\ ^ 1, we have a{Y^ l \uj)) = for 



'(1) _ n „ n j (y^ 1 ) 

A 1 ) 

usin 

all ^ t < t{uS), and then 

a(Y«(u;))ds = I a(F«(cu)) 2 ds = 0, < t < r(u) 



Hence, by (Oil , we have 1? V) = B t (o;), < i < r(w). Note that if t(u) < T, then we 



also have Y r ^ 1 \(c<j) = £> t ( w )(c<j) and hence |_B T ( w )(a;)| = 1. Let us define the random variable 



k by 

k(u) := inf jt G [0, 00) : |B t (u;)| ^ l}. 

Hence, if t(u) < T, we get k(u) = t(u), and if t{oj) = T, then k(uj) ^ T. By formula 2.0.2 
on page 163 in Borodin and Salminen [6], k is unbounded and P(k < 00) = 1. Consequently, 

< P(k ^ t) = P({k ^ *} n {r < T}) + P({k ^ t} n {r = T}) 

= P({r ^ £} n {r < T}) + P(r = T) <: 2P (J a{Y s {1) ) 2 ds = O^j , V t G [0, T), 
as desired. This also implies that 

< P(k ^ T) < 21imP Qf a(F s (1) ) 2 ds = 0^ = 2P jf a (^ s (1) ) 2 ds = 0^ , 

hence H4.2[) is not satisfied for a — 1. 

Now we consider the case T = 00. Let 6(t) := 1, t ^ 0, cj(i) := 1, £ ^ 0, and r(t) := 0, 
t ^ 0. Since 

lim / cx(s) 2 ds = limt = 00, 

ttOO Jr. f[OQ 
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by Lemma I4~T1 we get (14.21) holds for all aGl. Remark 3.1 in Dietz and Kutoyants [7] (which 
we already reformulated for the case T G (0, oo)) gives an example for a, b, r and a such 
that 

p (/ h ^< Y s a) f & s = o) > o, te [o, oo). 

In this example we also have 



lim / a(s) 2 ds = limt = oo, 



tfoc Jq foe 

and hence, by Lemma [4.11 we have (14. 2ft holds for all a£i 

In case of T = oo we are not able to give an example for a, b, r and a such that 

P {J h ^ a{Y s a) ? da = o) > 0, V t G [0, oo), 

and condition ( 14.21) is not satisfied. For such an example, by Proposition 1.26 in Chapter IV, 
Proposition 1.8 in Chapter V in Revuz and Yor [22] and Lemma [4.11 it is necessary to have 



t 

2 



and P (lim [ a(s) dB s = A =1, 
V* To ° Jo J 

where £ is a normally distributed random variable with mean and with variance J °° cr(s) 2 ds. 



lim / a(s) ds < oo 



For all t & (0,T), the Fisher information for a contained in the observation (Y s ) s e[o,t] 
is defined by 

where the last equality follows by the SDE ( 11.11) and Karatzas and Shreve [HJ Proposition 
3.2.10]. Note that I Y(a) (t) ^ for all t G [0,T), but in general I Y ( a) {t) > 0, V t G [0,T), 
does not hold necessarily. 

4.3 Theorem. Suppose that a G K such that 

(4.5) ]hnl x t a )(t) = oo, 

fT 

(4.6) lim-^exp(2a / 6(w) dwl = CgR \ {0}, 
and sign(a) = sign(C) or a = 0. T/ien 

y/I YW (t) {a\ - a) — ► 1 as t]T. 

v2 J {W s ) 2 ds 

Note that conditions (14.51) and ( 14.61) do not contain the function r. For the proof of 
Theorem 14.31 we need a generalization of Gronwall's inequality. Our generalization can be 
considered as a slight improvement of Bainov and Simeonov [TJ Lemma 1.1]. The proof goes 
along the same lines. 
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4.4 Lemma. (A generalization of Gronwall's inequality) Let sq,s\ G R so < si, 

let ip : [sq) s i] ~~ ¥ [0,oo) and ip 2 '■ [<So, s i] ~~ ¥ IP> 00 ) ^ e continuous functions, and let ipi '■ 
[sq, Si] — > R 6e a continuously differentiable function. Suppose that 



tp(s) < ^i(s) + / ^(uM^du, sG[s Q ,si]. 

T/ien 



so 



<p(s) ^ ^i(-5 )exp <j / ^ 2 (n)dM 

's ^ </s 



/ i/j[(u) exp I ip 2 {v) dv I du, s6[s 0) Si] 

J SQ I J 



Proof of Theorem 14.31 Note that condition H4.6[) yields that there exists to £ (0, T) such 
that 6(£) 7^ for all t G [t ,T). First we check that lim^T Lcr(s) 2 ds = 00. By (14.61) . there 
exist C\ > 0, C2 > and £ x G \po,T) such that ( 12. 8ft is satisfied. Hence for all t G [ti,T), 

[ a(s) 2 ds^ [ a(s) 2 ds+ [ ci|6(s)| exp (20; / 6(w)duAds. 
Jo Jo /fci I Jo J 

By Lemma [2.61 we have 

(4.7) lim ! \b(s)\ds = 00. 

If a > and C > 0, then 6(t) > for all t G [t\,T) and lim f ^ J" 6(s) ds = 00. Hence 

lim^" ci|6(s)| exp ^2a J b(w)dw^j ds = 00, 

which yields lim^T /q °~( s ) 2 ds = 00. 
If a = 0, by (pLTjh we have 

lim / ci|6(s)| exp < 2a / dw > ds = c\ lim / |6(s)|ds = oo, 

which yields lim 4 j T f* <r(s) 2 ds = 00. 

If a < and C < 0, then b(t) < for all t G [t%,T) and linu^ 6(s) ds = — 00. Hence 



lim / ci|6(s)| exp <^ 2a \ b(w) dw f ds = 00, 



which yields lim^y J o~(s) 2 ds = 00. By Lemma fl~Tl condition ( 14.21) holds for all a satisfying 
the assumptions of the present theorem. Hence the MLE aq of a based on the observation 
(Yg )se[o,t] exists asymptotically as 1 1 T with probability one. 

Consider the SDEs (11.11) and (11. 3p . Introduce the stochastic process 

A { t a) :=Y t {a) -Xi a \ te[0,T). 
This process satisfies the ordinary differential equation 

dAl a) = a b(t)A [ t a) dt + ab(t)r(Y t (a) ) dt, t G [0, T), 

= 0, 
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Aj Q) = a J r(Y s (a) )b(s) exp ja J b(u) du J ds, t G [0, T). 



having the unique solution 
(4.8) 

Using the decomposition 

(4.9) a(Y t (a) ) = Y t (a) + r(Y t (a) ) = + aJ q) + r(Y t {a) 

we get 



t h 



te[o,T), 



a 



(y< a >) 



a 



holds asymptotically as t | T with probability one, where for all t G [0,T), 



(i) 



J, 



X (3) 



cr s 



J, 



(2) ._ 



H(s) 



x( a )A[ a ) ds, 



J, 



(-1) 



as 



(6) 



as 



o ffisj' 

t !,/„\2 



(Ai Q) ) 2 ds, 



6(a) 



o is) 



■r(Yj a) ) 2 ds. 



By (I2.13H . using Slutsky's lemma and the continuous mapping theorem, in order to prove the 
statement, it is sufficient to show 



hm^44 = l, 

tfT I X (c) (t) 



V Si (t) 



(4.10) 
(4.11) 

(4-12) ... 

Using (14.61) and the fact that b(t) ^ for all t G [to,T), we can apply L'Hospital's rule and 
we obtain, 



Ji 



U) 



as t T T for j = 1,2, 



as t t T for j = 3,4,5,6. 



, im w^ = i im Eo « 



Using again the decomposition (14.91) . we have 



Ea{Y t {a) ) 2 = E(XD 2 + 2EXr^l a> + E(Af } f + 2EY t w r{Y t w ) + Er(F t 
By Cauchy-Schwartz's inequality, 



'(«)N2 



"(a) a ( Q ) 



W\2 



-(a)\2 



t G [0,T). 



(4.13) 



(4.14) 



|EX t (a) AS Q) | 
E(I t H ) 2 



E(AJ' 



(«)\2 



\ E(X 



(<*)\2 ' 



|Ey t (a V(y/ a) ) 



E(Xi 



2(E(X 4 (Q) ) 2 + E(Ar } ) 2 ) Er(F t (Q) ) 



\ E(X, 



E(AJ 



(«)N2 
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thus, in order to show (14.101) . it is enough to check 

EfA (o) ) 2 

(4.15) lim V * = 0, 

ttr E(Xf') 2 

(4.16) lim 1 * / =0. 

*T T E(Xf') 2 

In order to show (14.111) . it is enough to prove 



which is equivalent to 



as t T T for j = 1, 2, 



lim— 1^ / 4%E(A^) 2 d S = 0, 
li m 1 [* & ^^ 2 Er(y (a) ) 2 ds = 



By L'Hospital's rule, 

, (<*)\2 



lim 1 / 6 ( g ) E(A^) 2 dg = lim E ^ Af ^ 

*\t I xW (t) J a(s) 2 s t\T E(X { t a Y 



hm — / -44? Er(Y, (aj ) 2 ds = hm — ^ 



hence (14. lip also follows from (14. 15ft and (14. 16ft . In order to show (14. 12ft . it is enough to prove 

J U) r 

SO as t T T for j = 3,4,5,6. 



I X ( a ) (t) 

For j = 4 and j = 6, by the previous argument, this follows directly from (14.151) and (I4.16p . 
For j = 3 and j = 5, this also follows from (14.151) and (14.161) applying (14. 13j) and (I4.14p . 

The aim of the following discussions is to check (14.151) and (14.161) . 

First we consider the case a > and C > 0. Then b(t) > 0, t G [ti,T), and, by Lemma 
12.61 condition (14.51) is equivalent to lim^r Jq b(s) ds = oo. Let us introduce the stochastic 
process 

(4.17) Z { t a) := Y t {a) exp l^-a J\{u) te[Q,T). 

Using Y t (a} = X[ a) + A| a) , t G [0,T), and the equations (O) and (Ojl . we get 

= y a(s)exp|— a exp<|— a J b(u) du^ ds 
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for all t G [0, T). Consequently, for all t G [0, T), 

(Z { t a) ) 2 ^ 2 ( f a{s) exp (-« f b(u) du\ dB s ) 
(4.18) U ° 1 J ° J ^ 7 

+ 2a 2 ([ r(r s (Q) )6(s)exp i-a / 6(u) du 



Clearly, by Karatzas and Shreve [HI Proposition 3.2.10], for all t G [0, T), 
E ' 

and 



o~(s)exp| — a j b(u) du \ dB^j = J cr(s) 2 exp |— 2a J b(u)du^ds, 



jf r(F s (a) )6(s)exp 6(u) duj ds^ 

exp |— a J b(w) dw — a J b{w) dw | dw dt>. 



'o </o 



Using that |E[r(yi a) )r(#)]| < a/ Er(K (a) ) 2 Er(n (a) ) 2 for all u,ue[0,T), we obtain 



r(yi Q) )6(s)exp<j -a / b{u) du 



(4.19) 



,} ds ) 



jf ^/Er(F s (a) ) 2 |6(s)|exp|-a^ &(u)dujds^ , te[0,T). 



Since ^ 1 + \b\ for all 6 G R and for all 7 G [0, 1), we have \b\ 2 "< < 2(1 + 6 2 ) for all 
6 G R and for all 7 G [0, 1), and then, by (14. ip . we obtain 

r{Y^f < 2L 2 (1 + |y s {Q) | 27 ) = 2L 2 (\ + \Z^\ 2 ^ exp ^2ja J\(u) dv^j 

^ 2L 2 ^1 + 2(1 + (Z^) 2 ) exp |2 7 a jf &(«) dwj^ , s e [0, T). 

Recall that condition (14. 6 p implied the existence of c\ > 0, C2 > and £1 G [to^) such that 
(EU) holds. By (TC7D, there exists £ 2 G [t u T) such that J Q S 6(u) du > for all s G [t 2 ,T). 
We check that 

(4.20) r(y s (Q) ) 2 < c (1 + (^i Q) ) 2 ) exp |2 7 a J b(u) duj, s G [0, T), 

with some appropriate c > 0. If s G [0, £2], then 

r(Yj a) ) 2 <:2L 2 (1 + 2(1 + (Zi a) ) 2 )expi2 7 a sup f \b(u)\du\ 
\ { ve[o,t a ] Jo J / 

^ 8L 2 (1 + (Zi a) ) 2 ) exp \ 2 7 a sup / |6(u)|du 
^ c' (1 + (^i Q) ) 2 ) exp |2 7 a jf 6(u) du J , 
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where 

8L 2 exp {27asup„ 6[0)t2] /* \b(u)\du} 



c 



exp {27ainf„ e[0it2 ] £ b(u) du} 
If s G (t 2 ,T), then 

riY^f ^ 8L 2 (1 + (Z^) 2 ) exp S^ja jT b(u) du J . 

Hence (14.201) is satisfied with c := max{c', 8L 2 }. Thus, using that y/a + b ^ yfa + yb for all 
a,b ^ 0, we have 



(4.21) v / Er (yW)2 ^ ^ ^ + y / E(zFp^ exp j 7 a jT 6(u) duj , s G [0, T). 

Applying (fl~l~8]) and we obtain for all t G [0,T), 

E(zl a) ) 2 < 2 jf a(s) 2 exp j-2a jT 6(u) du J ds 



+ 2ca z [j \l + VE(^D 2 J |6(s)|exp|-(l- 7 )ay 6(u) du |> ds 



By the choice of ti, we have for all t G [ti,T), 

J \b(s)\ exp ^— (1 — 7) a ^ 6(u)du|ds^ ^ |6(s)| exp | — (1 — 7)0 ^ 6(u)du|ds 

+ J^" 6(s) exp | — (1 — 7) a ^ 6(u)du^ds, 

and for all t G [ii, T), 

/ 6(s) exp < — (1 — 7) a / 6(u) du 1 ds ^ r — exp < — (1 — 7)0 / 6(u)du>. 

Jti I Jo J (l-7)« I Jo J 

Hence there exists K\ > such that 

(4.22) J |fo(s)|exp|-(l ~l) a J Q b{u)du\ds ^ K u te[0,T). 

Using (I2T8T) . ffl~22]) and that y 1 a + b < y'a + for all a, 6 ^ 0, we obtain 

^E(Z t (a) )!»<^(t) + f Hn)\f^z¥) 2 du, t G [t 2 ,T), 

Jt 2 

where 

^{t) := (2 a(s) 2 exp |-2a^ 6(n)du| ds^J + ^2c 2 jf 6(s) ds^J +^0^1 
t 2 







: / r 2 (,/) V /E(#)2du 

1/2 



: (2c 2 £b(s)ds^ + K 2 , te[t 2 ,T), 



i/j 2 (t) := y/2ca\b(t)\exp<-(l-j)a b(u)du>, te[t 2 ,T). 
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Hence, by Lemma [4.41 (generalized Gronwall's inequality), we obtain 

^E(Z t (a) ) 2 ^Ar 2 exp jjT V 2 («)d?ij + ^ Vi(«)exp|jT ?/> 2 (f)dt;J du, t G [t 2 ,T). 

Using that, by fO^ ; 

exp | jf V 2 («) cb J < e^ aKl =: tf 3 , * G [f 2 , T), 

and that ^ ^ 

^(t) = c 2 6(0 ^2c 2 ^ 6(s)dsJ > 0, t G [t 2 ,T), 

we have 

^ E(Z, (a) )2 < K 2 K 3 + K 3 £ ij[ (u) du = K 2 K 3 + K 3 ^2c 2 J* b(s) ds^j ' , te[t 2 ,T). 
Then, using (j4.7j) . we have there exist c" > and £3 G (t 2 ,T) such that 

\/E(^ (a) ) 2 < c" Qf 6( a ) d s y , te [t 3 , T). 
By Lyapunov's inequality, since ^ 27 < 2, 

E|4 Q) | 2 ^ ^ (E(^ (Q) ) 2 ) 7 < (c") 2 ^ ^J\(s)d s y , t G [t 3 ,T), 
and thus, by (I4.17p . 

E|F/ Q) | 2 ^ = exp /27a jTfc(u) duj E|Z, (a) |^ 



(4.23) 

< (c") 27 exp <J 2 7 a / b{u) du }[ I b{s) ds ) , t G [t 3 ,T). 



H ^ / rt \ 7 



f 2 



Applying again (I2.8p . for all £ G [ti,T), we have 

E(X t (a) ) 2 = exp (2a / b(v)dv\ [ <x(f) 2 exp<j -2a j b(r)dr}dn 



(4.24) 

^ exp I 2a I 6(f) df W / <r(f) 2 exp I —2a I 6(f) dv }> du + I c\b(u) du 



Hence, using also (14.11) . for all t G [t 3 ,T), we have 
Er(Y t (a) ) 2 2L 2 (l + E|F/ a) | 2 ^) 



2 





2L 2 (l + 


(c") 27 exp j 


^2ja 6(f) du] 







1 


exp j 


[2af*b(u) du] 




2 exp{— 2a J™ b(v) du} du + 


Cl 6(s) ds) 



31 



Using that 7 G [0, 1), c\ > 0, and linx^oo ^ = for all a > and b > 0, by (14.71) . we 
get (OBI) . 

Now we turn to prove (I4.15p . Using (14.81) . by the same way that we derived (I4.19p . one can get 



E(AS Q) ) 2 ^ a 2 ^ ^Er(Y s (a) ) 2 \b(s)\exp^a J\(u) dujds^ , te[0,T). 
By (14. 7L there exists £4 G (t 3 ,T) such that 

exp |2 7 a jf du J Qf ds^J > 1, t G [t 4 , T), 
Hence, using (14.11) and (14.231) . we have 

^Er(Y t (a) ) 2 <C V^Ly/l + id'^exp j 7 a jf &(«) du J Q" &(«) du^ , te [U, T), 
and then for all £ G [t4,T), 

E(A| Q) ) 2 ^ 2a 2 ^ < y / Er(F s (a) ) 2 |6(s)| exp ^aj\{u) du J ds) 

+ 2a 2 2L 2 (l + ( c ") 27 )^ I exp j 7 o^ b(u) du + ajb(v) dM }Q" K«) ds 
Hence, by (I4.24p . we have 



7 /2 >> 2 



E(A; a) ) 2 v^a/o 4 \/ Er(y s (a) ) 2 |6(s) | exp {a /* 6(w) du) ds 

^ lim 



exp I a J*J &(u) du j ( /J 1 cr(u) 2 exp {-2a J Q U fc(u) dw} du + ci J t * fo(s) ds 
2aL v ^ + FF/; 4 |6(a)| exp {-(1 - 7 )a £ 6(«) du} (/£ 6(«) du) * ds 



jj 1 cr(u) 2 exp {—2a J " &(u) dt>} du + c x J t ' 6(s) ds^ 



and then, by L'Hospital's rule, we conclude 

7 

a/e(A! q) ) 2 2aLv^TFF £ exp H 1 " 7)a £ b (u) du} (g b{u) du) 2 ds 
lim V ^ lim — 



E^) 2 1 (J?6(*)ds 



2aLv/l + (c") 27 \ b (t)\ e xp{-(l -j)af*b(u)du\ (/* 6(u) du 
^— ^= lim 1/9 = °> 



since lim^ T f b(s) ds = 00 and lim^oo ^ = for all a > and 6 > 0. 

Now we consider case a = 0. Then the SDE (11.11) and the SDE (II. 3p have the same unique 
strong solution 



Y t i0) = f(r(s)dB s , te[0,T). 
Jo 
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Hence Aj 0) = Y t {0) - X t (0) = 0, i G [0,T), and then we get 

ft b(sl 

.(y(°)) _ JO cr(s) 



a 



rt b(s)_ y(Q) dB ,(2) 



holds asymptotically as 1 1 ^ with probability one. Note that ( 14.15D is satisfied, since = 0, 
t G [0, T). Hence, in order to prove the statement, it is enough to check (j4.16|) . Clearly, 

'(0) C v (0) C . , ( f , , 2 



.Y;"'=l'r=Af 0, / crM'd. , te[0,T) 



and hence 



E(X t (0) ) 2 = / a(s) 2 ds, te[0,T), 
Jo 

E\Y^\ 2 -y = fj\(sfd s y E\^, te[0,T), 

where £ is a standard normally distributed random variable. Then, by (14.1 1) , we have 

, Ertfy , 2L 2 (1 + E|r/°)|^) , 2L 2 (l + E|er(/ V(,) 2 d s ) 7 ) 

lim V */ < lim 1 1 ; = lim ^ , ^ '—L = 0, 

iTT E(X 4 (0) ) 2 *T T E(X t (0) ) 2 ^ T f*a(s) 2 ds 

where the last step can be checked as follows. By (14. 6p . lim^ r = \C\ G (0, oo), and hence 
there exist c 2 > and h e [t ,T) such that |6(t)| < c 2 o{tf for all te[h,T). Then gZD 
yields lim^ r J *cr(s) 2 ds = oo concluding the proof of the present case. 

Finally, we consider the case a < and C < 0. For all j3 G R, let us consider the 
process (V t )te[o,T) given by the SDE 

dV t {p) = (3b(t)a(V t W ) dt + a(t) dB t , t G [0, T), 
V™ = 0, 

where b(t) := —b(t), t G [0, T). Note that if conditions ( 14. 5 j) and ( 14.61) are satisfied with 
functions 6 and cr and with parameters a < and C < 0, then they are also satisfied 
with the functions b = —b and cr and with parameters —a > and — C > 0. Hence 

V^v(-«) (*) ((-a) t - (-«)) — ► "i. IIM ,. as t t 

v2 Jo TO ds 

By the uniqueness of a strong solution, the process (Y^ ) i6 [ 0) x) given by the SDE (II .ip and 
the process (V t )te[o,T) coincide, and hence Iy(-a) (t) = I Y(a) {t) for all t G (0,T), and 

(— a) t = —a t holds asymptotically as t f T with probability one concluding the 
proof. □ 

4.5 Remark. We note that in the proof of Theorem 14. 31 instead of Lemma H~4"l (a generalization 
of Gronwall's inequality) we could use Bainov and Simeonov [TJ Theorem 1.3], which is another 
generalization of Gronwall's inequality. But the calculations would be more complicated without 
any improvement or refinement of the result. 
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